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Abstract 

For each n > 1, let {Xj,„}i<j<„ be a sequence of strictly stationary random variables. In this article, we 
give some asymptotic weak dependence conditions for the convergence in distribution of the point process 
Nn — n infinitely divisible point process. From the point process convergence, we obtain the 

convergence in distribution of the partial sum sequence S„ = X/j-i -^j," infinitely divisible random 

variable, whose Levy measure is related to the canonical measure of the limiting point process. As examples, 
we discuss the case of triangular arrays which possess known (row-wise) dependence structures, like the 
strong mixing property, the association, or the dependence structure of a stochastic volatility model. 
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1 Introduction 

In this article we examine the convergence in distribution of the sequence {Nn = ^Xj^^n > 1} of point 

processes, whose points (Xj.„)i<j<„^„>i form a triangular array of strictly stationary weakly dependent random 
variables, with values in a locally compact Polish space E. As it is well-known in the literature, by a mere 
invocation of the continuous mapping theorem, the convergence of the point processes {Nn)n>i becomes a rich 
source for numerous other limit theorems, which describe the asymptotic behavior of various functions of Nn, 
provided these functions are continuous with respect to the vague topology (in the space of Radon measures in 
which Nn lives). This turns out to be a very useful approach, provided that one has a handle on the limiting 
point process N, which usually comes from its "cluster representation" , namely a representation of the form 

N = X^i j>i ^Tij for some carefully chosen random points T^ . In principle, one can obtain via this route the 
convergence of the partial sum sequence {Sn — ^j.ni ?^ > 1} to the sum X :— J2i j>i Tij of the points. 

(However, as it is usually the case in mathematics, this works only "in principle" , meaning that the details are 
not to be ignored.) 

On the other hand, a classical result in probability theory says that the class of all limiting distributions for 
the partial sum sequence (S'„)„>i associated with a triangular array of independent random variables coincides 
with the class of all infinitely divisible distributions (see e.g. Theorem 4.2, [16]). This result has been extended 
recently in [10] and [11] to some similar results for arrays of weakly dependent random variables with finite 
variances. One of the goals of the present article is to investigate if such a limit theorem can be obtained via 
the more powerful approach of point process convergence, which does not require any moment assumptions. 

Our work is a continuation of the line of research initiated by Davis and Hsing in their magistral article [6] , 
in which they consider an array of random variables with values in IR\{0}, of the form Xj^n = Xj/un, where 
{Xj)j>i is a strictly stationary sequence with heavy tails, and a„ is the (1 — l/n)-quantile of Xi. In this case, 
there is no surprise that the limiting distribution of the sequence {Sn)n>i coincides with the stable law. 

The main asymptotic dependence structure in our array (called (AD-1)) is inherited from condition ^({a„}) 
of [6] (see also [7]), but unlike these authors, we do not require that Xi,n lie in the domain of attraction of 
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the stable law. This relaxation will allow us later to obtain a general (possibly non-stable) limit distribution 
for the partial sum sequence (S'„)„>i. The asymptotic dependence structure (AD-1) is based on a simple 
technique, which requires that we "split" each row of the array into /;;„ blocks of length r„, and then we 
ask the newly produced block-vectors Yi^n = iX{i-i)rn+i,nj ■ ■ ■ ^ ^irn,n)A < i < k„ to behave asymptotically 
as their independent copies Yi^n = (-^(i-i)r„ -i-i, m ••• )-^ir-„,n), 1 < i < kn- Note that this procedure does 
not impose any restrictions on the dependence structure within the blocks, it only specifics (asymptotically) 
the dependence structure among the blocks. (Since each row of the array has length n, as a by-product, this 
procedure necessarily yields a remainder number n — rnkn of terms, which will be taken care of by an asymptotic 
negligibility condition called (AN).) The origins of this technique can be traced back to Jakubowski's thorough 
investigation of the minimal asymptotic dependence conditions in the stable limit theorems (see [18], [19]). 
However, in Jakubowski's condition (B) the number of blocks is assumed to be 2, whereas in our condition 
(AD-1), as well as in condition ^({a„}), the number fc„ of blocks explodes to infinity. 

A fundamental result of [6] states that under A{{an}), if the sequence of point processes (iV„)„>i converges, 
then its limit N admits a very nice cluster representation of the form N = J2i,j>i^PiQij ^ with independent 
components {Pi)i>i and {Qij)i>ij>i (see Theorem 2.3, [6]). The key word in this statement is "if". In 
the present article, we complement Theorem 2.3, [6] by supplying a new asymptotic dependence condition 
(called (AD-2)) which along with conditions (AD-1) and (AN), ensure that the convergence of {Nn)n>i does 
happen, for an arbitrary triangular array of random variables (not necessarily of the form Xj „ = Xj/an, with 
a„ ~ n^^°'L{n) for some a G (0,2) and a slowly varying function L). Under this new condition, we are able to 
find a new formulation for Kallenberg's necessary and sufficient condition for the convergence of (A^„)„>i, in 
terms of the incremental differences between the Laplace functionals of the processes N^.n = Sj=i „ , < n. 

The new condition (AD-2) is an "anti-clustering" condition, which does not allow the jump times of the 
partial sum process 5„(f) = J2^"J,\ Xj^n,t G [0, 1], whose size exceed in modulus an arbitrary fixed value rj > 
(and are located at a minimum distance of m/n of each other), to get condensed in a "small" interval of time 
of length rn/n ~ k~^. This happens with a probability which is asymptotically 1, when n gets large and m 
either stabilizes around a finite value mo, or gets large as well. Prom the mathematical point of view, condition 
(AD-2) treats the dependence structure within the blocks of length r„, which was left open by condition (AD- 
1). Condition (AD-2) is automatically satisfied when the rows of the array are m-depedent. The asymptotic 
negligibility condition (AN) forces the rate of the convergence in probability to of to be at most n~^. 

Of course, there are many instances in the literature in which the sequence {Nn)n>i converges. The most 
notable example is probably the case of the moving average sequences = an^Y^'^QCijZi-j,i > 1: the 
classical Theorem 2.4.(i), [9] treats the case of constant coefficients Cij = cj, whereas the recent Theorem 3.1, 
[23] allows for random coefficients Cij. Another important example is given by Theorem 3.1, [28], in which 
Xj^n = n^^^"Xj and {Xj)j>i is a symmetric a-stable process. 

With the convergence of the sequence {Nn)n>i in hand, we can prove a general (non-stable) limit theorem 
for the partial sum sequence (>S'„)„>i, and the hypothesis of this new theorem are indeed verified by the moving 
average sequences (even with random coefficients). The infinitely divisible law that we obtain as the limit of 
(<S'n)n>i must have a Levy measure p which satisfies the condition xp{dx) < oo. This is a limitation which 
has to do with the method that we use, based on the Ferguson-Klass [15] representation of an infinitely divisible 
law. It remains an open problem to see how one could recover a general infinitely divisible law as the limit of 
('S'„)„>i, using point process techniques. 

There is a large amount of literature dedicated to limit theorems for the partial sum sequence associated 
to a triangular array, based on point process techniques. For a comprehensive account on this subject in the 
independent case, we refer the reader to the expository article [25] . In the case of arrays which possess a row- wise 
dependence structure, the first systematic application of point process techniques for obtaining limit theorems 
for the sequence (5'„)„>i, has been developed in [20]. The article [20] identifies the necessary conditions for the 
general applicability of point process techniques, including cases which are not covered in the present article 
(e.g. the case of the a-stable limit distribution, with a € [1,2)), and contains the first general limit theorem 
for sums of m-dependent random variables with heavy tails. Without aiming at exhausting the entire list of 
contributions to this area, we should also mention the article [22], which includes the necessary and sufficient 
conditions for the convergence in distribution of sums of m-dependent random variables, to a generalized Poisson 
distribution. 

The present article is organized as follows. In Section 2, we introduce the asymptotic dependence conditions 
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and wc prove the main theorem which gives the convergence of the sequence {Nn)n>i of point processes. Section 
3 is dedicated to the convergence of the partial sum sequence (5'„)„>i. In Section 4, we give a direct consequence 
of the main theorem, which can be viewed as a complement of Theorem 2.3, [6], specifying some conditions which 
guarantee that the limit N of the sequence (A^ri)n>i exists (and admits a "product-type" cluster representation). 
Section 5 is dedicated to the analysis of condition (AD-1) in the case of an array whose row-wise dependence 
structure is given by the strong mixing property, the association, or is that of a stochastic volatility sequence. 
Appendix A gives a necessary and sufficient condition for a product-type cluster representation of a Poisson 
process. Appendix B gives a technical construction needed in the strongly mixing case and in the case of a 
stochastic volatility sequence. 

2 Weak convergence of point processes 

We begin by introducing the point process background. Our main references are [21], [26] and [27]. 

Let i? be a locally compact Polish space, £ its Borel a-algebra and B the class of bounded Borel sets in £. A 
measure fi on E is called Radon if fJ.{B) < oo for all B G B. If £J = IR\{0} or E = (0, oo), the class B contains 
the Borel sets in E which are bounded away from and ±cx), respectively from and oo. 

Let Mp{E) be the class of all Radon measures on E such that G S+ = {0, 1,2,.. .} for all B <E B. The 

space Mp{E) is endowed with the topology of vague convergence. The corresponding Borel cr-field is denoted by 
A4p{E). (Recall that a sequence (/x„)„>i C Mp{E) converges vaguely to /i if /i,i(i?) l^{B) for any B E B with 
fi{dB) = 0.) For each Bi, . . . , Bk G £, we define ttb^,...,b, : Mp{E) ^ TL^ by t:b,,...,b, (m) = (m(-Bi), • • • , ^(^fc))- 
We denote by 5^ the Dirac measure at x G E, and by o the null measure in Mp{E). For any fj, G Mp{E) and 
for any measurable non-negative function / on E, wc let /i(/) = Jg f{x)fi(dx). 

A point process N is an Mp{E)-va.lued random variable, defined on a probability space (f2, !F, V). Its Laplace 
functional is defined by L^if) = E{e~^^^^), for any measurable non-negative function / on E. If A''i and N2 

are two point processes on the same probability space, we use the notation A^i = if P o — P o N^^; 
this is equivalent to the fact that L]S!^{f) = Ljss^^f), for any measurable non- negative function / on E. 

If N, {Nn)n>i are point processes, we say that {Nn)n>i converges in distribution to N (and we write 

Nn N), if {P o N~^}n>i converges weakly to P o N~^. By the continuous mapping theorem, if Nn -4 A'', 
then {h{Nn)}n>i converges in distribution to h{N), for every continuous function h : Mp{E) TR. By Theorem 
4.2, [21], {Nn)n>i converges in distribution to if and only if L^^if) LN{f),yf G C^{E), where C^{E) 
denotes the class of all continuous non-negative functions / on E, with compact support. 

A point process N is said to be infinitely divisible if for every n > 1, there exist some i.i.d. point processes 

Ni,. . . , Nn such that N = Ni + . . . + Nn- By Theorem 6.1, [21], if N is an infinitely divisible process, then 
there exists a unique measure A on Mp{E)\{o} (called the canonical measure of N) such that 

f (1 _ e-'^(^))A(d/i) < 00, VB e S and (1) 

JMpiE)\{o} 

-\ogLN{f)= I ^ {l-e-^^f^)\{d^l), yfGC+{E). (2) 

We begin to introduce our framework. For each n > 1, let {Xj,n)i<j<n be a strictly stationary sequence of 
iJ- valued random variables, defined on a probability space {Q^J-.V). 

We introduce our first asymptotic dependence condition. A similar condition was considered in [6] . 

Definition 2.1 We say that the triangular array {Xj^n)i<j<n,n>i satisfies condition (AD-1) if there exists 
a sequence (r„)„ C with r„ ^ 00 and kn = [n/rn] — > 00 as n ^ 00, such that: 

= 0, v/eC+(£). (3) 

In Section 5, we will examine condition (AD-1) in the case of arrays which possess a known dependence 
structure on each row. 



lim 

n— ^00 



E 



-<E 
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To see the intuitive meaning of condition (AD-1), let us consider the point process Nm,n = 'l^jLi^Xj^^, 
whose Laplace functional is denoted by Lm.n, for each m < n. By convention, we let io,n = 1- We denote 

Nn = Nn,n- Note that L™,„(/) = £;(e-^-."(/)) = E(e"Sr=i /(^^•")). 

For each n > 1, let {Ni,n)i<i<k„ be a sequence of i.i.d. point processes with the same distribution as Nr^.m 
and let 7V„ = ^i,.- Then L^J/) = and (3) becomes: ILatJ/) ^ 0,V/ G 

This shows that under (AD-1), the asymptotic behavior of the sequence {Nn)n is the same as that of {Nn)n, 
i.e. {Nn)n converges in distribution if and only if (-/V„)„ does, and in this case, the limits are the same. 

We now introduce an asymptotic negligibility condition, in probability. 

Definition 2.2 We say that {Xj^n)j<n,n>i satisfies condition (AN) if 

limsupnP(Xi,„ e -B) < DO, \/B G B. 

n— »oo 

Under (AN), the triangular array {Ni,n)i<i<k„, n>i becomes a "null-array", i.e. P{Ni^n{B) > 0) ^ for all 
B gB. To see this, note that P(7Vi,„(B) > 0) = P{[j'j=i{Xj,n e B}) < (n/A;„)P(Xi,„ G B) ^ 0. By invoking 
Theorem 6.1, [21], wc infer that the sequence (A^„)„>i (or cquivalcntly, the sequence (A^„)ri>i) converges in 
distribution to some point process N if and only if there exists a measure A satisfying (1) such that 

fc„(l - i,„,„(/)) ^ / (l-e-'^(/))A(dM), yf&C+{E). (4) 

JMp{E)\{o} 

In this case, N is an infinitely divisible point process with canonical measure A, i.e. (2) holds. By writing 



and using the fact that (1 -|- Xn/n)^ iff a;„ — > x, we sec that condition (4) requires that Lj^^{f) L^if)- 

In conclusion, when dealing with triangular arrays which satisfy (AD-1) and (AN), the only possible limit 

(if it exists) for the sequence {Nn)n>i of point processes is an infinitely divisible point process. 

As in [10], if (r„)„ is an arbitrary sequence of positive integers with r„ ^ oo, we let S = »S(r„)„ be the set of 

all positive integers m such that: limsup„^^ '^X]j=m+i E[f{Xiji)f{Xj^n)] — 0, V/ S C^{E). Let nio be the 

smallest integer in iS. By convention, we let mo = oo if 5 = 0. For an arbitrary function (jj, we denote 

,. 1/ \ / (Pimo), if mo < oo 

lim Mm) = < y " . ., 

m^TOo 1^ lim„^oo0(m), II mo = oo 

We are now ready to introduce our second asymptotic dependence condition. 

Definition 2.3 We say that the triangular array {Xj^n)-L<j<n,n>i satisfies condition (AD-2) if there exists 
a sequence (r„)„ C S+ with r„ ^ oo and mo := inf <S(r„)„, such that 

lim limsupn V i;[/(Xi,„)/(X,- „)] = 0, \/fGC+{E). 

3=m+l 

Specifying the row-wise dependence structure of the array does not guarantee that condition (AD-2) is 

satisfied, but it may help to understand its meaning. 

Example 2.4 (m-dependent random variables) Suppose that for every n> 1, the sequence {Xj^n)i<j<n is rn- 
dependent, i.e. (Xi „, . . . , Xj^^) and (Xj+^.n; Xj+r+i,m ■ ■ ■ ■> ^n,n) are independent, for all j,r < n with j + r < n 

and r > m. Suppose that the array (-^j,n)i<j<n.n>i satisfies condition (AN). Then for any sequence (r„)„ C !Z+ 
with r„ ^ oo and fc„ := [n/r„] — * oo, '5(r„)„ = G ^-t-i ^ ^ iti}^ since for any I > m and for any / e C^{E), 

J'n ^ 

n J2 i^[/(^i,n)/(X,>)] < nr„{i;[/(Xi,„)]f < fc„r^||/||LP(Xi,„ e Kf < -\\f\\l - 0. 

(Here K is the compact support of /.) Therefore mo := inf <S(r„)„ = m and condition (AD-2) is satisfied. In 
particular, if the sequence {Xj^n)i<j<n is 1-dependent (or i.i.d.), then «S(r„)^ = 7L+ and mo = 1. 
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Remark 2.5 The following slightly stronger form of condition (AD-2) has a clearer intuitive meaning. We say 
that the triangular array {Xj^n)i<j<n,n>i satisfies condition (AD-2') if there exists a sequence (r„)„ C 
with r„ — > oo and mo := inf <S(r^)„, such that 

lim limsupn V „ G X, „ G = 0, MBeB. 

Note that, due to the stationarity of the array, we have: 



\ i=l k—m+i / i— m+1 

Therefore, if condition (AD-2') holds, and we let fc„ := [n/r„], then 

lim limsup /c„P(3 i < k < rn with k — i> m such that e B,Xk,n & B) =0. 

In particular, if condition (AD-2') holds with mo = 1, then 

knP{Nr„,n{B) > 1) = fc„P(3 i < k < r„ such that e B,Xfc,„ e B) ^ 0. 
For each S e B and for each t e [0, 1], define M^([0, t]) = iV[„f]^„(B). Condition (AD-2') with mo = 1 forces 

lim ^p(m^(\o/-^])>i]=0. 

Intuitively, if A;„ ^ oo, we can view this as an "asymptotic orderly" property of the sequence {M^)n- (According 
to p. 30, [4], a point process N is called orderly if limt^o t~^P{N{^, t]) > 1) = 0.) 

The following theorem gives a necessary and sufficient condition for the convergence in distribution of the 
sequence (Af„)„. As mentioned earlier, the limit process must be an infinitely divisible point process. 

As it was pointed out by an anonymous referee, our approach to identify the limit in the theorem below, is 
closely related to the method used in the proof of Theorem 3.1 of [19]. 

Theorem 2.6 For each n>\, let {Xj^n)\<j<n be a strictly stationary sequence oj E -valued random variables. 
Suppose that the triangular array {Xj_n)i<j<n.n>i satisfi,es condition (AN), as well as conditions (AD-1) and 
(AD-2) (with the same sequence (rn)n))- Denote tuq :— inf5(r^)^. 

Then the sequence (-/V„)„>i converges in distribution to some point process N if and only if there exists a 
measure A on Mp{E) \ {o} which satisfies (1), such that 



lim lim sup 



n{Lm-l,n {f)-LmAf)) 



(1 



)Hdti) 



lM^{E)\{o} 

In this case, N is an infinitely divisible point process with canonical measure A. 



0, yfeC+iE). 



(6) 



In view of (4), we see that the second term appearing in the limit of (6) is the limit of A;„(l — Lr-„,n(/))- 
Since n ^ r„fc„, the intuition behind condition (6) is that we are forcing r„(L„i_i.„(/) — im.n(/)), to behave 
asymptotically as 1 — Lr„,n(/) = Y^m=i{-^m-i,n{f) ~ Lm,n{f))- In other words, the incremental differences 
Lm-i,n{f) — Lm,n{f) with 1 < m < r„, are forced to have the same asymptotic behavior as their average. 

Proof: The proof of the theorem will follow from (4), once we show the following relation: 

lim limsup |A;„(1 - L,„,„(/)) - n(L„_i,„(/) - i„,„(/))| = 0, yf€C+{E), 

m^mo „_>oo 

which can be expressed equivalently as follows, letting h{x) = 1 — e~^: 

lim limsupfc„|i;[/i(Ar,„,„(/))] - r„£[/i(Af„,„(/)) - /i(Ar„_i,„(/))]| =0, V/ e C+{E). (7) 
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In the remaining part of the proof we show that (7) holds. Note that only conditions (AD-2) and (AN), and 
the stationarity of the array, will be needed for this. We have 



E[hiNr^,n{f))] = E[h{Nm-l,n{m + E E[hiNk+mAf)) ' KNk+m-lAf))] 
rnE[h{NmAf)) - KNm-lM)] = (m - l)E[h{NmAf)) - h{Nm-l,n{f))] + 

m — l,n 



fe=0 



where the second equality is due to the strict stationarity of the sequence {XjAi<j<n- Taking the difference 
between the previous two equalities, we get: 

E[h{Nr„M)] - rnE[h{Nm,n{f)) ' h{Nm-lAf))] = mE[h{Nm-l,n{f))] " " l)E[h{Nm,n{f))] 

Tn — m 

+ J2 E{[h{Nk+mAf)) - K^k+mAf) - NkAf))] - [h{Nk+m-lAf)) ' h{Nk+m-lAf) ' NkAfM- («) 

fc=0 

We now apply Taylor's expansion formula: h{a) — h{a — b) = b h'{a — xb)dx. We get 

h{Nk+mAf)) - KNk+mAf) - NkAf)) = NkAf) I h'{Nk+mAf) - xNkAf))dx 

Jo 

h{Nk+m-iAf)) - HNk+m-iAf) - NkAf)) = NkAf) I h'{Nk+m-iAf) - xNkAf))dx. 

Jo 

Taking the difference of the previous two equalities and applying Taylor's formula again, we obtain: 

E\[h{Nk+mAf)) - HNk+^Af) - NkAf))\ - HNk+m-iAf)) - h{Nk+m-iAf) - NkAfM 



= E 



= E 



NkAf) [\h'{Nk+mAf) - xNkAf)) - h'{Nk+m-iAf) ' xN^AfWa 
Jo 



NkA.f)i^k+mAf) - ^k+m-lAf)) I h" {0k,mAx))dx 



E 



NkAf)fi^k+mA / h"{6k,m,n{x))dj 

Jo 



< E[NkAf)fiXk+mAh 



(9) 



where 6k,mAx) > is a (random) value between Nk+m^iAf) ^ xNkAf) ^nd Nk+mAf) ~ xNkAf)^ and we 
used the fact that \h"{9)\ ~ < 1 if 9 > 0. Coming back to (8), and using (9), wc get: 

kn\E[h{Nr„Af))] - rnE[h{NmAf)) - h{Nm-iAf))]\ < mKE[h{Nm-iAf))] + ("^ - l)knE[h{NmAf))] 

Vn —m 

+fc„ E E[NkAf)f{Xk+mA\- (10) 

fe=0 

We claim that condition (AN) implies: 

lim KE[h{NmAf))] = 0> Vm > 1. (11) 

To see this, we use the fact that h{x) < a; if x > 0. If if is the (compact) support of /, then 



knE[h{NmAS))] < kuE 



= mknE[f{XiA] < mkn\\f\\ooP{Xi,n &K)<C—\ 



0. 
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On the other hand, by stationarity, 

Tn—m Vn—m k 



kn J2 E[Nk,n{f)f{Xk+m,n)] = K i^[/(^i,n)/(Xfc+m,. 



fe=0 fe=0 i=l 

rn 



j=m+l j=m+l 

Hence, (AD-2) implies that: 

r„ — m 

lim limsup kn E[Nk,n{f)f{Xk+m,n)]=0- (12) 

Relation (7) follows from (10), (11) and (12). □ 

The next result shows that if conditions (AD-2) and (6) hold with mo = 1, then is a Poisson process. 

Proposition 2.7 For each n> 1, let (Aj,„)i<j<„ be a strictly stationary sequence of E -valued random vari- 
ables. Suppose that the triangular array {Xj^n)i<j<n,n>i satisfies condition (AN), as well as conditions (AD-1) 
and (AD-2) (with the same sequence {rn)n)- Assume that mo := inf <S(r„)„ = 1, i.e. 



limsupn Vi?[/(Xi,„)/(X,-„)] =0, V/ G C+{E). 

// there exists a measure A on Mp{E) \ {a} which satisfies (1), such that 

lim n(l-£;(e--^(-^i-'')) = / (1 - e-''(^))A((i/i), yfeC+{E), (13) 

Jm^{E)\{o} 

then {Nn)n>i converges in distribution to a Poisson process with intensity u{B) := A({/Lt e Mp{E); n{B) = 1}). 

Proof: By Theorem 2.6, A„ A^, where A^ is an infinitely divisible process A^ with canonical measure A. 

For each n > 1, let (A*„)i<j<„ be an i.i.d. sequence with the same distribution as Ai^„. Let N* = 
E"=i N*n, where N*^ = 6x;^. Then (A7_„)i<,<n,„>i is a null-array, since P{Nl^{B) > 0) = P(Xi,„ G B) ^ 
for all B G B. Note that {Nj n)i<j<n are i.i.d. point processes. By (13), we have: 

n „ 

lim V(l - Eie-^'lnif)) = (1 _ e-''(/))A(rf/x), V/ e C+{E). 



Therefore, by Theorem 6.1, [21], it follows that A^* ^ A^, and {nP o [7Vj*„(Bi), . . . , Afi*„(Bfc)]"^}„ converges 
weakly to Aott^^^ VBi, . . .,Bk<EB. In particular, nP{Xi^n e B) ^ nP{Nl^^{B) = 1) — > {\oTTg^){{l}) = 
(B), \/B G and hence the sequence {nPoX^l^}n>i converges vaguely to u. Since A satisfies (1), the measure 



V is Radon. By Proposition 3.21, [26], it follows that A^* A*, where A* is a Poisson process of intensity v. 



We conclude that N = N*. □ 



3 Partial Sum Convergence 

In this section we suppose that E = (0, oo). Let Nn = <^Xj^r, and Sn = Yl^=i ^j,n- 

In Section 2, we have seen various asymptotic dependence conditions which guarantee the convergence in 
distribution of the sequence {Nn)n>i to an infinitely divisible point process A^. In the present section, we show 
that if the limit process N is "nice" (in a sense that will be specified below), this convergence, together with 
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an asymptotic negligibility condition in the mean, implies the convergence in distribution of the partial sum 
sequence {Sn)n to an infinitely divisible random variable. In the literature, this has been a well-known recipe for 
obtaining the convergence in distribution of (Sn)n to the stable law (sec e.g. [5], [12], [3], [6]). Our contribution 
consists in allowing the class of limiting distributions to include more general infinitely divisible laws. 

Let N be an infinitely divisible point process on (0, oo), with canonical measure A. By Lemma 6.5, [21], 
the distribution of N coincides with that of ^^^^ fiS^(dfi), where ^ is a Poisson process on Mp{{0, oo)) with 

intensity A. Let us denote by Ni = Xli>i ^Tij^i > 1 the points of ^, i.e. ^ = 'Ylii>i ^Ni, Then the distribution of 
N coincides with that of X^j>i Ni = 2i j>i ^Tiy (This is called the "cluster representation" of N.) 
The following assumption explains what we meant earlier by a "nice" point process N. 

Assumption 3.1 The canonical measure A has the support contained in the set M*{{Q,go)). consisting of all 
measures fj, G Mp((0,oo)) whose points are summable, i.e. all measures fj, = J2j>i ^tj with Ylij>i < 

We define the map T : M;((0, oo)) (0, oo) by r(/i) = J2j>i tj if M = Ej>i St, ■ 

Assumption 3.1 is equivalent to saying that Ni £ M*((0,ooy) a.s. In turn, this is equivalent to saying that 
the random variables Z7j := J2j>i > 1 are finite a.s. Moreover, we have the following result. 

Lemma 3.2 Let N be a point process on (0, oo) with canonical measure X, and the cluster representation: 

N^f ^,^{dn)=^Ni=J2ST,r 
•^^p(^) i>i i,j>i 

(Here ^ = X]i>i ^ Poisson process on Mp((0,oo)) with intensity X, and Ni = J2j>iSTij,i > 1 are the 
points of 

Suppose that X satisfies Assumption 3.1, and set Ui := X^j>i Tij,i > 1. Then N* := J2i>i is a Poisson 
process with intensity p:= Xo T~^, i.e. 

p{A) = A({m = ^^t, e M;((0,oo));^t,- e A}), VA e B((0,oo)). 

Proof: The lemma will be proved, once we show that for any measurable / : (0, oo) — > (0, oo), we have 

E (^-^i>^ f^^'^^ = exp {- - e-^("))p(dx)| . 

Since ^ = J2i>i is a Poisson process with intensity A, for any ^ : Mp((0, oo)) — > (0, oo) measurable, 

L^{i;)=E(e-^*>-^^''A=e^pl- [ {1 - e-'f^^^)X{dA ■ 

V / [ -'m;((0,oc)) J 

Let V/ : M;((0, oo)) ^ (0, oo) be given by V/(m) = /(^(/x)). Then ^f{Ni) = /(T(iV,)) = /(E,>i Tij) = f{Ui) 
and 



) = exp I - / (1 - e-^t^^))X{dtx) I = exp |- H {I - e-«)(A o i>l^){dy)\ . 

J y Jm-{{o,oo)) } I Jo ) 

Note that p = X o T~^. By the definitions of tpf and p, we have A o ^pj^ = A o T~^ o f~^ = p o f~^. Hence 
E (^e-S.-^(^-^) = exp{-/~(l - e-y){pof-^){dy)} = exp{-/~(l - e-n^^)p{dx)}. □ 

The next lemma is of general interest and shows that the random variable X defined as the sum of the 

points of a Poisson process on (O. oo) has an infinitely divisible distribution. To ensure that X is finite a.s., 
some restrictions apply to the intensity p of the Poisson process. Recall that a measure p on (0, oo) is called a 
Levy measure if /^^ x^p{dx) < oo and p((l, oo)) < oo, or equivalently Jg°° x'^/ (1 + x'^)p{dx) < oo. 
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Lemma 3.3 Let N* = Xli>i ^Ui be a Poisson process on (0,00), whose intensity p is a Levy measure and 

/ xp{dx) < 00. (14) 

J(oa] 

Then the random variable X := J2i>i finite a.s. and has an infinitely divisible distribution. Moreover, 

^(e™^) = exp |_^°°(e™'' - , Vu e JR. (15) 

Proof: Without loss of generality, we can assume that Ui = Hp^{Ti), where = Y^^j=i-^j' (-^j)j>i 
i.i.d. Exponential(l) random variables, Hp{x) = p{x,oo), and H~^{y) = infjx > Q;Hp{x) < y}. 

Note that Hp is a non- increasing function and Hp^{y) < a; if and only if y > Hp{x). Then Ui < Ui-i,\li 
and 

P{Ui < Xi\Ux =xi,..., Ui-i = Xi-i) = PiTi > Hp{xi)\r^ = Hp{xi), T^.i = Hp{xi-i)) 
= P{Ei > Hp{x^) - Hp{xi-i)\ri = Hp{xi), . . . ,r,_i = Hp{xi-i)) 

= P{Ei > Hp{xi) - Hp{xi-i)) = e-(^fp(^>)-ffp(^.-i)) for all Xi < Xi-i <...<xi (16) 

Relation (16) allows us to invoke a powerful (and highly non-trivial) construction, due to Ferguson and Klass (see 
[15]). More precisely, let (14)i>i be a sequence of i.i.d. random variables with values in [0, 1] and common distri- 
bution G, which is independent of (/7j)j>i, and define Yt = X]i>i Uil[y.<tj,t e [0, 1]. Then, Ferguson and Klass 
showed that (yt)te[o,i] ^ Levy process with characteristic function £^(e™^*) = exp{G(f) /Q°°(e'"^ — l)p{dx)}, 
Vu e ]R. The proof is complete by observing that X = Yi = J2i>i ^i- ^ 

Example 3.4 p{dx) = ax~^e~^l[x>o}dx with a > 0. In this case, X has a Gamma(Q:) distribution. 

Example 3.5 p{dx) = CaX~°'~^l[x>Q}dx with a G (0, 1). In this case, X has a stable distribution of index a. 

As a by-product of the previous lemma, we obtain a representation of an infinitely divisible distribution, 
similar to the LePage-Woodroofe-Zinn representation of the stable law (Theorem 2, [24]). The proof of this 
corollary is based on a representation of a Poisson process, which is included in Appendix A. 

Corollary 3.6 Let p be a measure on (0, 00), which is given by the following "product-convolution" type formula: 



00 POO 



p{A)= / lA{wy)F{dw)v{dy), e S((0, cx))), (17) 

Jo Jo 

where v is an arbitrary Radon measure v on (0,oo) and F is an arbitrary probability measure on (0, 00). 

// the measure p is Levy and satisfies ( I4 ), then any infinitely divisible random variable X with characteristic 

function (15) admits the representation X = Ylfi>i where {Pi)i>i are the points of a Poisson process of 

intensity v, and (Wi)i>i is an independent i.i.d. sequence with distribution F. 

Proof: Let N* be a Poisson process on (0,oo), of intensity p. Using definition (17) of p, and by invoking 

Proposition A.l (Appendix A) , it follows that N* admits the representation TV* = J2i>i ^PiWi, where {Pi)i>i 
and {Wi)i>i are as in the statement of the corollary. By Lemma 3.3, it follows that the random variable 
X := ^ PjWi has an infinitely divisible distribution with characteristic function (15). □ 

Remark 3.7 If we let v{dx) = ax~°'~^l^x^Q^dx and F be an arbitrary probability measure F on (0, 00), then 
the measure p given by (17) satisfies: 

p{x,oo) = J J l(^^^){wy)F{dw)u{dy) = j J 1^ (^—,00 j F{dw) = x~" J w'^F{dw) = -faX'"- , 

where 7^ = w"F{dw). Hence p{dx) = a'jaX~"~^l{x>o}d'X. 
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To obtain the convergence of the partial sum sequence, we introduce a new asymptotic neghgibihty condition. 
Definition 3.8 (X/.„,)i<j<„_„>i sa&s/ies condition (AN') if \ime^o\imsupj^^^TiE[Xi,nl{Xi „<e}] =0. 

The next theorem is a generahzation of Theorem 3.1, [6], to the case of an arbitrary infinitely divisible law 
(without Gaussian component, and whose Levy measure p satisfies (14)), as the limiting distribution of (£'„)„. 

Theorem 3.9 For each n> 1, let {Xj^n)i<j<n be a strictly stationary sequence of positive random variables. 
Suppose that the array {Xj n)i<j<n n>i satisfies condition (AN'). Let = ^x, „ o,nd 5„ = Xj „. 
If ^ ^ ' 

(i) N, where N is an infinitely divisible point process, whose canonical measure X satisfies Assumption 
3.1; and 

(ii) p := X o is a Levy measure and satisfies (14), 

then {Sn)n converges in distribution to an infinitely divisible random variable with characteristic function (15). 

Proof: For each £ > arbitrary, we write 

S„ = S„(£,00) + 5„(0,£). (18) 

where S'„(£, oo) = Xjjd{Xj,„>e} and 5'„(0, £) = YJj=i ^j>l{x,-,„<£}- Let N = Ei,j>i be the cluster 

representation of A'^ and Ui = J2j>i ^ij ^'^^ all i > 1. 

By Lemma 3.2, N* := X]i>i ^Ui is a Poisson process of intensity p := A o T~^. By Lemma 3.3, the random 
variable X := J2i>i = J2i,j>i I'ij is finite a.s. and has an infinitely divisible distribution. Moreover, (15) 
holds. 

Define T, : M;((0,oo)) ^ (0,00) by T,{ii = J2j>i^t,) = Ej>i ijl{t,>e}- Note that T, is continuous 

P o N~^-a.s. By the continuous mapping theorem, we get Ts{Nn) = Sn{e, 00) Ti.{N) — Tijlf^j'..ygy, 

as n ^ 00. Since X = Y,i,j>i Tij converges a.s., it follows that Z^j,j>i Tijl{Tij>e} X = Z^ij>i Tij as £ ^ 0. 
Hence 

5„(£,oo)^X asn^oo,£^0. (19) 

By Markov's inequality and condition (AN'), we see that for any 5 > 0, P(S'„(0,£) > 5) < E[Sn{^,e)] = 
5~^nE[Xi^n^^Xi „<£}] — > 0, as n — > 00, £ — > 0. Hence 

S'„(0,£)-5.0 asn^oo,£^0. (20) 

From (18), (19) and (20), we conclude that Sn ^ X. 
□ 

Remark 3.10 Lemma 3.3 can be extended to a Poisson process whose intensity p is an arbitrary Levy measure 
on (0, 00). More precisely, using the Theorem of [15], one can prove that if N* — X]i>i ^Ui is a Poisson process 
on (0, 00), whose intensity p is a Levy measure, then the random variable Y := J2i>ii^i ~ ^i) is finite a.s. and 
has an infinitely divisible distribution. Moreover, 

£;(e™^) = exp (^e-- - 1 - p(dx)| , V« e H, 

where the constants Cj are defined by: Cj = /^^i/.* xj (1 + x'^)p(dx). If 7 = X^j>i c, = /„°° xj (1 + x^)p(dx) is 

finite, then one can conclude that the random variable X = X)j>j C/j = F + 7 (which appears in Theorem 3.9) 
has an infinitely divisible distribution with characteristic function 

^,.-v, = exp {». + [ (e-- - 1 - ji^i,) .(^)} , V„ . R. 

Unfortunately, requiring that 7 is finite is equivalent to saying that J^^^ xp{dx) < 00, which is precisely the 
restriction imposed on p in Lemma 3.3. In other words, condition (14) cannot be removed from Theorem 3.9, 
using the Ferguson and Klass approach. 
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We finish tliis section with an example for which the hypothesis of Theorem 3.9 are verified. This example is 
based on the recent work [23] , generalizing the moving average model MA(oo) to the case of random coefficients. 

Example 3.11 (Linear processes with random coefficients) Let Xi^^ = ^i/dn for all 1 < i < n, where 

oo 

Xi = CijZi-j for alH > 1. 

The objects {Zk)ke-z, (an)n>i and (C'i,j)i>i,j>o are defined as follows: 

• (Zk)ke7L a sequence of i.i.d. positive random variables such that Zq = Z, where Z has heavy tails, i.e. 
P{Z > x) = x~"L{x) for a e (0, 2) and L a slowly varying function. 

• (ttn)n>i is a non-decreasing sequence of positive numbers such that P{Z > a„) n~^. 

• {Cij)i>ij>o is an array of positive random variables, which are independent of {Zk)ke7Z.- We suppose that 
the rows (Cij)j>o, (C2j)j>o, ... of this array are i.i.d. copies of a sequence {Cj)j>o of positive random 
variables. Moreover, we suppose that the sequence (Cj)j>o satisfies certain moment conditions, which 
imply that c := '}ZJLa ^i^j ] < (Wo refer the reader to condition (D) of [23] for the exact moment 
conditions. In fact, we may allow for a mixing-type dependence structiire between the rows.) 

Proposition 2.1, [23] shows that P{Xi > a;) ~ cP{Z > x) as x ^ oo. Since Z has heavy tails, it follows that 
Xi has heavy tails too. Assume that a G (0, 1). In this case, one can prove that: (see e.g. (3.6) in [6]) 

Tl 

lini limsup — E[Xil{Xi,„<ane}] = 0. 

i.e. the array {Xj^n)i<j<n,n>i satisfies condition (AN'). 

Let Nn = J27=i ^Xi^n- By Theorem 3.1, [23], Nn N, where N is an infinitely divisible point process with 
the cluster representation A'' = X]i>i J2j>o ^PiCi,j ■ Here {Pi)i>i are the points of a Poisson process of intensity 
ly(dx) = ax~°'~^l^x>o}dXj which is independent of the array (Ci.j)i>i,j>o. Since a £ (0,1), it follows that 
Wi :— X]j>o °° ^-^^ fo'^ i > 1- Hence, the random variables Ui := X)j>o Pi^iJ = PiWi, i > I are finite 

a.s. and Assumption 3.1 is verified. This proves that condition (i) in Theorem 3.9 is satisfied. 

By Lemma 3.2, the process N* := 5^j>]^ Sij. = 5^j>]^ ^PiW, a Poisson process of intensity p := X o T^^, 
where A is the canonical measure of A^. From Proposition A.l (Appendix A), it follows that p satisfies (17). 
By Remark 3.7, it follows that p{dx) = c(^faX^'^^^^{x>o}; where = Jq w'^Fidui). Clearly, this measure p is 
Levy; it satisfies condition (14) since a < 1. This proves that condition (ii) in Theorem 3.9 is satisfied. 

By applying Theorem 3.9, it follows that {Sn)n>i converges in distribution to an infinitely divisible law with 
characteristic function (15), which is in fact the stable law of index a. 

4 Real Valued Observations 

In this section, we assume that E = IR\{0}. By Lemma 2.1, [6], the support of the canonical measure A of an 
infinitely divisible point process on ]R\{0}, is contained in the set Mo(IR\{0}), defined by: 

Mo(]R\{0}) = {/u = ^5tj e Mp(]R\{0})\{o}; 3 x^ e (0,oo) such that \tj\ < x^Vj > 1}. 

Let M(IR\{0}) ^ {p & Mo(IR\{0}); \tj\ < l,Vj > 1}. The following result gives the necessary and sufficient 
condition for a "product- type" cluster representation of an infinitely divisible process, as in Corollary 2.4, [6]. 

Proposition 4.1 Let N be an infinitely divisible point process on 1R\{0}, with canonical measure A. Then N = 
^i,j>i ^PiQij' where {Pi)i>i are the points of a Poisson process on (0, oo) of intensity v and {Qij)j>i, {Q2j)j>i, ■ ■ ■ 
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are i.i.d. sequences, independent of {Pi)i>i, if and only if there exists a probability measure O on M(IR\{0}) 
such that, for every measurable non-negative function f on ]R\{0}, we have 



I 

Ja 



(1 _ e-^(/))A(d^) = / / (l-e-^(^(« »)C'((iAi)j^(dy). 

Mo(IR\{0}) ^0 ^M(IR\{0}) 

In this case, O is the distribution ofJ2j>i ^Qij- 

Proof: Let N' = Eij>i ^p*Q„- Clearly, L^if) = exp {- /^^(^.^^^^^(l - e-''(/))A(rfM)}. Following the 
same lines as for the proof of (41) (Appendix A), one can show that 

LiV'(/) = exp I - / (1 - e-^(/(^ »)0(dM)^(rfy) 1 • 

Jo Jm(!R\{0}) J 

The result follows since TV = TV' if and only if Ljvif) = L^'if) for every measurable function /. □ 

In the light of Proposition 4.1, the following result becomes an immediate consequence of Theorem 2.6. 

Corollary 4.2 For each n > 1, let {Xj^n)i<j<n be a strictly stationary sequence of random variables with values 
in ]R\{0}. Suppose that the <XTT(Xy (-^j,n)l<j<n,n>l 

satisfies condition (AN), as well as conditions (AD-1) and 
(AD-2) (with the same sequence (r„)„j. Let mo := mi Si^m),,- 

If there exists a Radon measure v on (0, oo) and a probability measure O on M(]R\{0}), such that 



lim lim sup 



n {Lm-iAf) - LmAf)) - r I (1 - e->'f^y^)0{dij)v{dy) 

Jo Jm(jr\{o}) 



= 0, V/ e (7+(]R\{0}), 
(21) 

then Nn — * N, where N = X^j_j>i SpiQtj, {Pi)i>i o,re the points of a Poisson process on (0, oo) of intensity v, 
and {Qij)j>i, {Q2j)j>i, ■ ■ ■ are i.i.d. sequences with distribution O, independent of {Pi)i>i. 

Remark 4.3 In particular, one may restate Corollary 4.2, in the case Xj.„ = Xj/un, where {Xj)j>i is a strictly 
stationary sequence of random variables with values in IR\{0} such that Xi has heavy tails, and (a„)„>i satisfies 
P{X-i > an) ^ n~^. The result obtained in this manner can be viewed as a complement to Theorem 2.3, [6]. 

Recall that a bounded Borel set in ]R\{0} is bounded away from 0. Therefore, condition (AN) holds if 
limsup„^oo nP(|Xi_„| > 77) < cx), V?7 > 0. Note also that condition (AD-2') holds if there exists a sequence 
(''ra)n C with r„ — * 00 such that 

rn 

lim limsupn V -P(|Xi „| > 77, „| > 77) = 0, Vjj > 0, (22) 

where mo := infiS(r„)„. Condition (22) can be viewed as an asymptotic "anti-clustering" condition for the 
process Sn{t) = J2^J^\ Xj^n,t G [0, 1]. To see this, note that this cadlag process jumps at times tj = j/n with 
1 < i < '^i the respective jump heights being ASn{tj) = Xj^n- By (5), we have 

P{3i <k<rn with k-i>m such that |AS'„(ti)| > ry, |AS'„(tfc)| > ??) < r„ P(|Xi,n| > V, \Xj,n\ > v)- 

Therefore, we can explain intuitively condition (22) by saying that the chance that the process {Sn{t))te[o,i] 
has at least two jumps that exceed r/ in the time interval [0,r„/n] (and are located at a minimum distance of 
m/n of each other) is asymptotically zero. (See also p. 213, [13].) 

5 Examples of arrays satisfying (AD-1) 

In this section, we assume that E = IR\{0} and we examine condition (AD-1) in the case of arrays which 
possess a known dependence structure on each row. 
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5.1 m-dependent or strongly mixing sequences 

Recall that the m-th order mixing coefficient of a sequence (Xj)j>i of random variables is defined by: 

a(m) = sup{\P{A nB)- P{A)P{B)\: A e . . . , X^), B e a{Xu+^,Xk+m+i, ■■■),k> 1}. 

The random variables {Xj)j>i are called strongly mixing if Yuxim^oo Q:(m) = 0. 

If X is a (j{Xi, . . . , X;;)-measurable bounded random variable and F is a a{Xk+rn, Xk+m+i, ■ ■ ^-measurable 
bounded random variable, then: (see e.g. [17]) 

\E{XY) - E{X)E{Y)\ < 4a(m)||X|U||y|U. (23) 

Lemma 5.1 For each n > 1, let {Xj_n)i<j<n be a strictly stationary sequence of random variables and q;„(to) 
be its m-th order mixing coejficient, for m < n. Suppose that either 

(i) a„(m') = for all m' > m, n> 1; or 

(a) a„(m) = a{m) Vn > m,\/m > 1 and lim^^oo ct{m) = 0. 
If the triangular array {Xj^n)i<j<n,n>i satisfies condition (AN), then it also satisfies condition (AD-1). 

Remeirk 5.2 a) Condition (i) requires that the sequence {Xj^n)\<j<n is m-dependent, for any n > 1. 
b) Condition (ii) is satisfied if Xj^n = Xj/an and {Xj)j>i a strictly stationary strongly mixing sequence. 

Proof: We want to prove that there exists a sequence (r„)„ — > oo with A;„ := [n/r„] — > oo such that 

^(e-JV„(/)-) _ |^(e-JV.„,„(/))}fc„ ^0, V/ e C+{E). (24) 

Note that e-^'="-"."(/) - e'^-^^) = e-^'="-"."(/)(l - e" ^^='=^'■"+1 ^^^'•"^) < E^Lfe„r„+i /(^J,"), using the fact 
that 1 — < X for any x > 0. By stationarity and condition (AN), we obtain that: 

£;(e-^n(/)) - £;(e-^'=.^n..(/)) < (n - r„fc„)ii;[/(Xi,„)] < r„||/||ooP(Xi,„ & K) < U\f\\ooC -> 0, 
where K is the compact support of /. Therefore, in order to prove (24), it is enough to show that 

^(e-^'=nr„,n(/)) _ {^(g-^r^ ,n (/) ) ^ Q. (25) 

To prove (25), we will implement Jakubowski's "block separation" technique (see the proof of Proposition 
5.2, [18], for a variant of this technique). Let (m„)„ be a sequence of positive integers such that 

m„ — > oo, rn„/r„ — > 0, and A;„a(m„) — > 0. (26) 

(The construction of sequences (r„)„ and (m„)„ which satisfy (26) is given in Appendix B.) 

For each n> 1, we consider kn blocks of consecutive integers of length r„ — m„, separated by "small" blocks 
of length m„: 

I ' ^ ' ^ 7 ' p 

More precisely, for each 1 < i < A;„, let Hi^n be the (big) block of consecutive integers between (z — l)r„ + 1 
and ir„ — m„ and be the (small) block of size m„, consisting of the integers between jr„ — m„ + 1 and ir„. 
Let 

By the stationarity of the array, (t/i,n)i<i<fc„ are identically distributed. Clearly, Ui^n = Nr^-m^,n{f)- 

On the other hand, since the separation blocks have size m„, which is "relatively small" compared to r„, 

lim \E{e-^''r^-n,n{f)) - E{e~^i=i^*'^)\ = (27) 

n— s-oo 

lim |{^(e-^'--"(-^))}'=" - {£;(e-^^'")}'="| = 0. (28) 
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(To prove (27), note that e^^'Zi^'-^ - e-^^^-r.Af) = e"I^t\^-"(l - e~ ^'=i ^^^'•"^) < 
Y!1=i T,jeh „ using the fact that 1-6"=" < x for any x > 0. Hence |i;(e-^'="'-"."(/))-£(e" S-I^i )| < 

m„fc„£[/(Xi_„)] < m„fc„||/||oo-P(-'^i,n & K) < (m„/r„)||/||ooC -+ 0, where we used condition (AN) and (26). 
Relation (28) follows by a similar argument, using the fact that \x'' — < k\x — y\ for any x,y > and 
k e 2L+.) 

Therefore, in order to prove (25), it suffices to show that: 

lim \E{e-^'=i"--) - {E{e-^^-)}''-\ = 0. (29) 

n— >oo 

In case (i), this follows immediately since the random variables (J/j,n)i<i<fe„ are independent, for n large. 
In case (ii), we claim that, for any 1 < A; < A;„ we have 

|E(e-E-=iC^*.") - {E{e-^'--)}''\ < A{k-l)a{mn). (30) 

(Relation (30) can be proved by induction on the number k of terms. If A; = 2, then (30) follows from 

inequality (23). If relation (30) holds for fc - 1, then \E{e~^^i=i^'-'') - {E{e-^^'^)}''\ < \E{e~^^i=i^*-") - 

E{e~ S*=i' ^''^)E{e-^^-^)\ + \E{e~ ^=1' ^''^)- {E{e-^^-^)}^-^\. For the first term we use (23), since jjlZl Ui,„ 
and Uk^n are separated by a block of length m„. For the second term we use the induction hypothesis.) 
From (30) and (26), we get: 

|i;(e-E::xt^-) - {E{e-^^--)}''-\ < 4/c„a(m„) ^ 0. 

□ 



5.2 Associated sequences 

Recall that the random variables {Xj)j>i are called associated if for any finite disjoint sets A, B in {1, 2, . . .} 
and for any coordinate-wise non-decreasing functions h : JR^^ — > IR and k : K*^ — > IR 

Coy{h{X,,jeA),k{Xj,jeB))>0, 

where #A denotes the cardinality of the set A. (See e.g. [1], [14] for more details about the association.) 

If {Xj)j>i is a sequence of associated random variables, then for any finite disjoint sets A, B in {1, 2, . . .} 
and for any functions h : IR*'^ IR and k : Wd^^ ]R (not necessarily coordinate- wise non-decreasing), which 
are partially difi^erentiable and have bounded partial derivatives, we have: (see Lemma 3.1.(i), [2]) 



|Cov(/i(X,-,i e A),k{Xj,3 e B))\ <J2Y1 

ieAjeB 



dh 




dk 


dxi 


00 


dxj 



Goy{Xi,Xj). 



(31) 



Let C be the class of all bounded nondecreasing functions g, for which there exists a compact subset K of 
E such that g{x) = x for all x G K. Let Si be the set of all m e for which 



limsupn ^ Cov{g{Xi^ri), g{Xj,n)) = 'igeC. 

Let mi be the smallest integer in Si. By convention, we let mi = 00 if <Si = 0. 
We introduce a new asymptotic dependence condition. 

Definition 5.3 We say that the triangular array {Xj^n)i<j<n,n>i satisfies condition (AD-3) if 

n 

lim limsupn CoY{g{Xi n),g{Xj n))=0, Vg € C. 
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Lemma 5.4 For each n > 1, let {Xj^n)i<j<n be a strictly stationary sequence of associated random variables 
with values in ]R\{0}. // the triangular array {Xj^n)i<j<n,n>i satisfies conditions (AN) and (AD-3), then it 
also satisfies condition (AD-1). 

Proof: As in the proof of Lemma 5.1, it suffices to show that (25) holds. For this, we use the same "block" 
technique as in the proof of Lemma 5.1, except that now the separation blocks have size m (instead of m„). 

For each 1 < z < fc„, let h[^^ be the (big) block of consecutive integers between (z — l)r„ + 1 and ir„ — m 
and /|™' be the (small) block of size m, consisting of consecutive integers between ir„ — m + 1 and ir„. Let 



f4?= E /(^J>) = ^-n-m,n(/) - A^(i-l)r„,n(/)- 

Similarly to (27) and (28), one can prove that: 



lim limsup|£;(e-^'="'-"'''(/)) -^(e"Si=i^*"')| = (32) 



lim limsup|{i;(e-^-"(^))}'=" -{i;(e-^i^')}'="| = 0. (33) 
Therefore, in order to prove that relation (25) holds, it suffices to show that 

lim lim sup \E{e-^'i^^ <":')_ {E{e-^'C^ )}^-\ = 0. (34) 

Without loss of generality, we suppose that the random variables (^j.ri)i<j<fe„ are uniformly bounded. 
(Otherwise, we replace them by the random variables Yj-,„ = (?(Xj^„),l < j < kn, where g is a bounded 
non-decreasing function such that g{x) = x on the support of /. The new sequence (^,n)i<i<fc„ consists of 
uniformly bounded associated random variables. Moreover, f{Xj^n) = f{Yj,n) for all 1 < j < kn ) 

Moreover, we suppose that the function / satisfies the following condition: there exists Lf > such that 

\fix)-f{y)\<Lf\x-y\, Va;, t/ e IR\{0}. (35) 

(Note that any function / e Cj(]R\{0}) can be approximated a bounded sequence of step functions, which in 
turn can be approximated by a sequence of functions which satisfy (35).) 
Using an induction argument and (31), one can show that: 



|£(e-EL<:')-{£;(e-<*)}'=|<L2 E E E Cov(X,>,X,.,„). (36) 
By stationarity, we have 



E E E Cov(X,-„,X,.,„) = ^(fc„-i)Cov( ^i."' E ^i'.") = 

J^{kn - i){rn - m) ^ Cov(Xi,„, X;,„) < 2fc„r„ ^ Cov(Xi,„, X,,„). (37) 

1=1 i=(i-l)r„+m+l ;=m+l 

Prom (36) and (37), we get: |S(e"S*=i ^*."') - {£;(e-^i^')}'="| < 2LjnJ2]'=m+i Cov(Xi,„, Xi,„), and relation 
(34) follows from condition (AD-3). □ 
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5.3 Stochastic volatility sequences 



In this subsection, we assume that the dependence structure on each row of the array {Xj^n)i<j<n,n>i is that 
of a stochastic volatility sequence. More precisely, 

Xj^n = <^jZj,n, ^<3<n, n > 1, (38) 

where {Zj^n)i<j<n is a sequence of i.i.d. random variables, and {<Jj)j>i is a strictly stationary sequence of 
positive random variables, which is independent of the array {Zj_n)i<j<n,n>i- In this context, {Zj,n)i<j<n 
is called the noise sequence, and {(^j)j>i is called a volatility sequence. Such models arise in applications to 
financial time series (see [8]). The row dependence structure among the variables {Xj^n)i<j<n is inherited from 
that of the volatility sequence: if {crj)j is m-dependent, then so is the sequence {Xj^n)i<j<n- This model is 
different than a GARCH model, in which there is a recurrent dependence between the noise sequence and the 
volatility sequence. 

The dependence structure that wc consider for {<yj)j>i is slightly more general than the strongly mixing 
property. More precisely, we assume that (o'j)j>i satisfies the following condition: 

(C) there exists a function i/; : IN ^ (0,oo) with lim tjj{m) = 0, such that for any disjoint blocks I, J 

rn — *oo 

of consecutive integers, which are separated by a block of at least m integers, and for any {zj)j C M 



Gov (^e-^^€r f(^^''\e-^,ej 



<V(m), V/ e C+(]R\{0}). 



(39) 



We have the following result. 



Lemma 5.5 Let {Xj,n)i<j<n.n>i be the triangular array given by (38). If the array {Xj^n)i<j<n,n>i satisfies 
condition (AN) and {o'j)j>i satisfies condition (C), then the array {Xj_n)i<j<n.n>i satisfies condition (AD-1). 

Proof: We use the same argument and notation as in the proof of Lemma 5.1. Let (rnji^ji^ (j'n)n and (/i:n)n 
be sequences of positive integers such that (26) holds, with the function tp in the place of a. 
It suffices to prove that (29) holds. We now claim that, for any 1 < A; < fc„ we have 

\E{e- ^^-) - {^(e-^^-)}'=| <{k- l)V(m„). (40) 

We show this only for k = 2, the general induction argument being very similar. Due to the independence 
between {crj)j>i and {Zj^n)i<j<n,n>i, and the independence of the sequence {Zj^n)i<j<n, we have: 



Gov 



E[e 



dP{z,),eH,,^ Ele 



/cov(e 



■jeH2,, 



dP{zj)jeH,,„uH2,„ + E{e-^---)E{e-"-^-) 



where dP{zj)j^H^ „uH2,„ denotes the law of (•^j,n)jeHi,„uH2,n> and dP{zj)j^Hi,n denotes the law of {Zj^n)jeH,,, 
for Z = 1,2. Using condition (39), we obtain: 



|£;(e-(f^i.n+f^2.„)-)_^(g-c/i.n-)^(e-^=-")| < J Gov (^e ^i^»i,n^^'''''\e ^^^"^ 



dP{zi) 



since the blocks and H2,n are separated by a block of length m„. This concludes the proof of (40) in the 
case k = 2. 

Relation (29) follows using (40) with k = fc„, and the fact that kn'ipimn) ^ 0. □ 

Acknowledgement. The authors would like to thank an anonymous referee who read the article cajefuUy and made 
some suggestions for improving the presentation. 
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A Poisson Process Representation 

Proposition A.l Let N* be a Poisson process on (0,oo), with intensity p. Then N* admits the representation 

N* = X]j>j^ ^PiWi) where {Pi)i>i are the points of a Poisson process of intensity v and (W^i)i>i is an independent 
i.i.d. sequence with distribution F, if and only if the measure p satisfies: 

/ (1 - e-^(^))p(da;) = / / (1 - e-f^'"y^)F{dw)u{dy) 
Jo Jo Jo 

for every measurable function f : (0, oo) — > (0,oo). 

Proof: Since -A''* is a Poisson process of intensity p, for any measurable non-negative function /, we have 
LN'if) = exp{-/Q°°(l-e--^(^))p(da;)}. Let N** = J2^>l^P^w,■ Since N* = N** if and only if = 
Ljv*(/) for any measurable non- negative function /, the proof will be complete once we show that 

E(^e~^*>^^^^'^'^^ =exp!^- JJ' J^{l-e-f^^y^)F{dw)iy{dy)Y (41) 

Wc first treat the right hand side of (41). For this, we let g{y) = —logJ^e~f^'^'^^F{dw). Using the fact 
that is a probability measure on (0, oo) and M = J2i>i ^Pi Poisson process of intensity v, we have 

exp|-j^ (l-e-/("'^))F(du;)i^(dy)| = exp|-j^ {I - e-3^y^)v{dy)^ = E [e~^*>^'^'^^'^^ 



e 

i>i 



For each i > 1, let ^y) = E{e-f^^'y^), y > 0. Since (Wi)i>i are i.i.d. random variables with distribution F, 

for every y > wc have My) = (j),{y) = e- f ^'^v^ F {dw) = e-9^y\\/i > 1. 

By considering the random variable {Pi)i : ^ [0,oo)^+ whose law is denoted by dP{pi)i, we get 

E I n e-'?^^^) ] = E ll[UP^)] = f , n MPi)dPiPih = 

\i>l J \i>l J "^[0'°°) + i>l 

I nil e-^(^^^^('^^»P(du;0') dP{p,U = fill f e-^(^^('^)^^(-'»P(da;,)') P{dco) = 

/ I / U^'^^'^'^^^'^'^^'^^Pid^'n Pidtu) = [ r[e-/(^^(-)^^(-»P(da;). 



For the second last equality above we used the fact that {Wi)i>\ are independent, whereas for the last equality 
above we used the fact that (Pi)i>i and (Wi)i>i are independent. □ 

B Construction of {rn)n and (runjn in the proof of Lemma 5.1 

Lemma B.l 7/ limm^oo Q:(m) = 0, then there exist some sequences (r„)„ and (m„)„ of positive integers such 
that rn — > oo, fc„ := [n/r„] — > oo, m„ — > oo, run/rn and A;„a(m„) 0. 

Proof: Denote p„ := a([\/n])- Clearly p„ — > 0. We define 

En = max{n"^/'', ^/p^}, d„ = , r?„ = r„ := [n£„], fc„ := [n/r„], m„ := [ne„5„] = [v^]. 
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Clearly £„ ^ and m„ oo. Wc will use repeatedly the inequality x/2 < [x] < x, for any a; > 0. We have: 

ne„ n'^/'* , , 1 n 1 n 1 
i~n > — ;p ^ ^ and «:„>-• — — o ' ~ 7^ *■ 

Zi Zi '^Ti Zi TIE. ft 

Finally, since (5„ < and % < ^ 0, we have: 

< t;^ = 2d„ ^ and fc„a(m„) = fc„p„ < — p„ < — p„ = 4ry„ ^ 0. 

□ 
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